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The Problem
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The simplest math

𝑑𝑠𝑖
𝑑𝑡

= ∑
𝑗

𝑁𝑖𝑗𝑣𝑗( ⃗𝑠)

▶ 𝑠𝑖 concentration of metabolite 𝑖 ∈ [1, ..𝑀]
▶ 𝑣𝑗 velocity of reaction 𝑗 ∈ [1, ..𝑁]
▶ 𝑁𝑖𝑗 Stoichiometric Matrix
▶ 𝑁 > 𝑀
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Stationarity

𝑑𝑠𝑖
𝑑𝑡

= ∑
𝑗

𝑁𝑖𝑗𝑣𝑗( ⃗𝑠) = 0

Constraint modelling
N ⃗𝑣 = 0

Constraint modelling

N ⃗𝑣 = �⃗�

Diversity of metabolic flux distributions 4/20



Stationarity

𝑑𝑠𝑖
𝑑𝑡

= ∑
𝑗

𝑁𝑖𝑗𝑣𝑗( ⃗𝑠) = 0

Constraint modelling
N ⃗𝑣 = 0

Constraint modelling

N ⃗𝑣 = �⃗�

Diversity of metabolic flux distributions 4/20



Graphical representation
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Additional Assumption

▶ Maximize: 𝐸 = ∑𝑗 ℎ𝑗𝑣𝑗

Flux Balance Analysis = Linear Programming

N ⃗𝑣 = �⃗�
max ⃗𝑣 𝐸
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Graphical representation
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Experimental Support

J.S. Edwards, R.U. Ibarra and B.O. Palsson, In silico predictions of Escherichia coli metabolic capabilities are consistent with experimental data,

Nature Biotechnology 2001, 19, 125-130
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But Life is more complex than that

V. Onesto el al, Probing Single-Cell Fermentation Fluxes and Exchange Networks via pH-Sensing Hybrid Nanofibers, ACS Nano 2023, 17, 4,
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But Life is more complex than that

A. Traven et al, Transcriptional profiling of a yeast colony provides new insight into the heterogeneity of multicellular fungal communities. PLoS One.

2012;7(9):e46243.
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But Life is more complex than that
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Opening a mathematical parethesis

We must define a probability 𝑃(𝑣).
How to choose?
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Maximum Entropy Principle

𝑆 = − max𝑃(𝑣) ∫ 𝑃(𝑣) log 𝑃 (𝑣)
Among all the probability densities compatible with the data (or knowledge), the one
having the largest value of 𝑆 is the one that best represents our knowledge of the
system
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Derivation

max𝑃𝑛
− max𝑃𝑛

∑𝑛 𝑃𝑛 log 𝑃𝑛

subject to: ∑𝑛 𝑃𝑛 = 1
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Derivation

ℒ = − ∑
𝑛

𝑃𝑛 log 𝑃𝑛 − 𝛼(∑
𝑛

𝑃(𝑛) − 1)

𝑑ℒ
𝑑𝑃𝑚

= − ∑
𝑛

log 𝑃𝑛𝛿𝑛,𝑚 − ∑
𝑛

𝑃𝑛
1

𝑃𝑚
𝛿𝑛,𝑚 − 𝛼 ∑

𝑛
𝛿𝑛,𝑚 = 0

𝑑ℒ
𝑑𝑃𝑚

= − log 𝑃𝑚 − 1 − 𝛼 = 0

𝑃𝑛 ∼ 𝑒−(1+𝛼)
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A more general and interesting case

ℒ = − ∑𝑛 𝑃𝑛 log 𝑃𝑛

subject to: ∑𝑛 𝑃𝑛 = 1 and ∑𝑛 𝑓𝑛𝑃𝑛 =< 𝑓 >
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Relationship between fitness and heterogeneity in exponentially growing
microbial populations Biophysical Journal, 121, 1919-1930 (2022)

Datasets:
▶ Nanchen, A., A. Schicker, and U. Sauer. 2006. Nonlinear dependency of intracellular

fluxes on growth rate in miniaturized continuous cultures of Escherichia coli. Appl.
Environ. Microbiol. 72:1164–1172.

▶ Schuetz, R., N. Zamboni, ., U. Sauer. 2012. Multidimensional otimality of microbial
metabolism. Science. 336:601–604

▶ 33 experiments, growth rate, glucose uptake, more than 20 values of fluxes
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Relationship between fitness and heterogeneity in exponentially growing
microbial populations Biophysical Journal, 121, 1919-1930 (2022)

𝑃(𝑣) ∼ 𝑒∑𝑖 𝛽𝑖𝑣𝑖

⟨𝑣𝑖⟩𝑒𝑥𝑝 = ∫ 𝑑𝑣𝑣𝑖𝑒
∑𝑖 𝛽𝑖𝑣𝑖
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Inference of metabolic fluxes in nutrient-limited continuous cultures: A
Maximum Entropy approach with the minimum information, iScience 25, 105450 (2022)

reservoir

culture vessel

effluent
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Inference of metabolic fluxes in nutrient-limited continuous cultures: A
Maximum Entropy approach with the minimum information, iScience 25, 105450 (2022)

𝑑𝑋
𝑑𝑡

= (𝜇 − 𝐷)𝑋

𝜇 = 𝜇(𝑢, 𝑟) 𝜎 = 𝜎(𝑠)

𝑑𝑠𝑖
𝑑𝑡

= −𝑢𝑖𝑋 + (𝑐𝑖 − 𝑠𝑖)𝐷
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Inference of metabolic fluxes in nutrient-limited continuous cultures: A
Maximum Entropy approach with the minimum information, iScience 25, 105450 (2022)

𝑑𝑋
𝑑𝑡

= (𝜇 − 𝐷)𝑋 = 0

𝜇(𝑢, 𝑟) = 𝐷

𝑢𝑖 < 𝑐𝑖𝐷
𝑋
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Inference of metabolic fluxes in nutrient-limited continuous cultures: A
Maximum Entropy approach with the minimum information, iScience 25, 105450 (2022)

Datasets:
▶ Kayser, A., Weber, J., Hecht, V., and Rinas, U. (2005). Metabolic flux analysis of

Escherichia coli in glucose-limited continuous culture. I. Growth-rate dependent metabolic
efficiency at steady state. Microbiology 151, 693–706.

▶ Nanchen, A., A. Schicker, and U. Sauer. 2006. Nonlinear dependency of intracellular
fluxes on growth rate in miniaturized continuous cultures of Escherichia coli. Appl.
Environ. Microbiol. 72:1164–1172.

▶ Folsom, J.P., Parker, A.E., and Carlson, R.P. (2014). Physiological and proteomic analysis
of Escherichia-coli iron-limited chemostat growth. J. Bacteriol. 196, 2748–2761.
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Inference of metabolic fluxes in nutrient-limited continuous cultures: A
Maximum Entropy approach with the minimum information, iScience 25, 105450 (2022)

𝑃(𝑣) ∼ 𝑒𝛽1𝜇+𝛽𝑔𝑢𝑔

⟨𝜇⟩𝑒𝑥𝑝 = ∫ 𝑑𝑣𝜇𝑒𝛽1𝜇+𝛽𝑔𝑢𝑔

⟨𝑢𝑔⟩𝑒𝑥𝑝 <
𝑐𝑔

𝐷𝑋
∫ 𝑑𝑣𝑢𝑔𝑒𝛽1𝜇+𝛽𝑔𝑢𝑔
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Phenotype-specific estimation of metabolic fluxes using gene expression
data, iScience 26, 106201 (2023)

Given a transcriptome, how unobserved mechanisms of reaction kinetics should
be systematically accounted for when inferring the fluxome?
We have the probability distribution of the transcritome 𝑃(𝑔)
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Phenotype-specific estimation of metabolic fluxes using gene expression
data, iScience 26, 106201 (2023)

𝑆 = − ∑
𝑣

𝑃(𝑣) log 𝑃(𝑣)
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Phenotype-specific estimation of metabolic fluxes using gene expression
data, iScience 26, 106201 (2023)

Hypothesis

𝑃 (𝑣) = ∏
𝑖

𝑃(𝑣𝑖)

𝑃 (𝑣𝑖) = 𝑣𝑖/𝑔𝑖
𝑉

where 𝑉 = ∑𝑁
𝑖 ∑𝑔𝑖

𝑗 𝑣𝑖/𝑔𝑖
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Phenotype-specific estimation of metabolic fluxes using gene expression
data, iScience 26, 106201 (2023)
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Conclusions
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