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Chapter overview

◦ Section 12.1 provides a concise overview of microeconomics and cell metabolism, introducing the microeco-

nomic concepts as applied to cell metabolism.

◦ Section 12.2 exemplifies the usefulness of the microeconomics of metabolism, by providing motivating ex-

amples from biology and economics: overflow metabolism and Giffen behavior.

◦ Section 12.3 derives a universal relationship between nutrient response and drug response: a linear response

theory of cell metabolism.

◦ Section 12.4 formulates the global constraint principle for the lawof diminishing returns in organismal growth,

integrating and generalizing Monod’s growth law and Liebig’s law of the minimum from the perspective of

resource allocation.

◦ Section 12.5 summarizes the various concepts discussed in this chapter and outlines future perspectives.

12.1 Cell metabolism as an economic consumer

Cells constantly face the challenge of allocating resources. They must distribute limited nutrients and biosynthetic

capacity among various metabolic pathways in order to support growth, maintenance, and other functions.

Paul Samuelson famously stated that ‘Economics is the study of how societies use scarce resources to produce valuable

commodities and distribute them among different people’ [1]. In particular, the microeconomic theory of consumer

choice offers a mathematical framework for optimized consumption, i.e., the allocation of budget to various goods

(see Box 12.A for a brief introduction). However, human economic behavior is often not optimal due to emotional fac-

tors, cognitive limitations, and incomplete information, collectively described as bounded rationality [2]. In contrast,

evolution can drive organisms toward optimality: ideally, intense natural selection would eliminate organisms that ex-

hibit “irrational” behavior under environmental conditions repeatedly encountered throughout evolutionary history,

and cells lack emotions. Indeed, the optimality of intracellular metabolic regulation can often be a useful approxima-

tion under well-defined conditions [3]. We therefore expect their metabolic strategies to conform more closely to the

predictions of optimization theory, andmicroeconomic theories should bemore successful when applied tometabolic

systems.

Although a loose analogy between biology and economics has long been proposed that refers to coenzymes as “cur-

rency metabolites,” we can in fact map metabolism precisely onto the theory of consumer choice (Table 12.1 and

Box 12.A) [4, 5, 6]. In this theory which we call the “microeconomics of metabolism,” cellular objectives such as growth

rate correspond to utility, the intake of a supplied nutrient source is considered as income, and metabolic pathways
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2 Microeconomics of cell metabolism

Table 12.1: Mapping between microeconomics and cell metabolism

Microeconomics Cell Metabolism

Utility Growth Rate

Income Nutrient Intake

Goods Metabolic Pathways

Demands Fluxes of Pathways

Price Inverse Metabolic Yield

Complementarity Law of Mass Conservation

and their fluxes correspond to goods and demands, respectively. Regarding price, note that in economics, price quan-

tifies the inverse of the conversion efficiency from income to goods; a higher price reduces the quantity of goods that

can be purchased. Similarly, the price of a metabolic pathway corresponds to the inverse of the conversion efficiency

of a supplied nutrient into the pathway’s products1.

In microeconomics, the theory of consumer choice especially addresses how consumption behaviors respond to

changes in income and price, within the framework of optimization problems (Box 12.A): a key feature of this the-

ory is the separation of the objective function and the budget constraint, which allows for a systematic investigation

of perturbation responses. Accordingly, the microeconomics of metabolism allows us to discuss the response of (op-

timized) metabolic activities to changes in the environment. The following sections demonstrate how an analogous

response theory can be constructed for cell metabolism.

12.2 An example: overflow metabolism and Giffen behavior

In this section, we will introduce the microeconomics of metabolism by using overflow metabolism as a motivating

example. Overflow metabolism, a recurring topic throughout this book, is a phenomenon in which cells ubiquitously

prefer fermentation to more energy-efficient respiration, even in the presence of abundant oxygen. This seemingly

wasteful behavior is ubiquitous across species and is also known as theWarburg effect in cancer cells and the Crabtree

effect in yeast. It is a useful example for introducing the concepts of economics and trade-offs [4].

We introduce a minimal model consisting of two metabolic pathways. Examining this model first demonstrates that

a trade-off between pathways causes overflow metabolism (Figure 12.1). We then show that this framework also

yields universal insights into drug responses, such as the drug-induced reverseWarburg effect, from amicroeconomic

perspective.

12.2.1 Minimal model for overflow metabolism

As aminimalmodel for overflowmetabolism, we consider only twometabolic pathways, respiration and fermentation.

Their fluxes, denoted by fr and ff , are constrained by the maximal intake flux IC of a single nutrient (e.g., glucose or

another carbon source) as

prfr + pfff ≤ IC , (12.1)

which represents the allocation of carbon source intake to respiration pathway (i.e., glycolysis with TCA cycle and ox-

idative phosphorylation (OXPHOS)) and fermentation pathway (i.e., glycolysis with acetate/lactate secretion). From

the perspective of microeconomics, Eq. (12.1) represents the budget constraint for two goods, while the input stoi-

chiometric coefficients pr and pf are interpreted as the “price” of respiration and fermentation pathways, respectively;

in other words, the price of a metabolic pathway measures the amount of nutrients required per unit end-product(s)

of the pathway, inversely proportional to the yield of those products (see also Section 12.2.3). We normalize these

coefficients as pr = pf = 1 unless otherwise stated.

Cellular growth rateΛ is the objective function. In thisminimalmodel, we coarse-grain cellular growth as being limited

by a single biomass synthesis reaction from energy molecules such as ATP (A) and another biomass precursor such

as amino acids, nucleic acids, and lipids (B): A + B → biomass (BM). Since the reactants of a reaction cannot be

compensated for each other due to the law of mass conservation [10, 11], cellular growth rate Λ is then determined

1The price of metabolic pathways here differs from the enzyme cost discussed in Chapter 6.
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Economics box 12.A Microeconomic theory of consumer choice

The standard microeconomic theory of consumer choice provides the mathematical backbone of our frame-

work. This box gives an overview of the key concepts necessary for translating between economic language

and metabolism. The theory of consumer choice explains how the price pi of goods and income I determine

consumption behavior, i.e., demand xi for each good i. The decision-making process for a rational con-

sumer is formulated as an optimization problem of the utility u(x1, x2, · · · , xn) under the budget constraint∑n

i=1 pixi ≤ I .

0.0 0.5 1.0 1.5
0.0

0.5

1.0

1.5

<latexit sha1_base64="m4XpM4tAZJbOeiUTaadvmRxi8uk="></latexit>x1demand

de
m

an
d

<latexit sha1_base64="2/brjg+oiIyj++yXJc5I+GvY9TE="></latexit> x
2

0

0.5

1.0

1.5

2.0

2.5

indifference curves
budget constraint line

<latexit sha1_base64="aO178ezzpm3y0UB9X2/6Ak2XbFc="></latexit>u
utility

When the number of goods n is two, the utility land-

scape can be represented as a curved surface, and

the demand for each good is basically determined

from a tangent point of the budget constraint line,

p1x1 + p2x2 = I , to the indifference curve (contour

of utility) on which utility u takes the largest value.

The graphics on the left shows an example of a utility

landscape, u(x1, x2). The contours, called indiffer-

ence curves in microeconomics, are shown together

with the budget constraint line I = p1x1 + p2x2.

Optimal consumption behavior occurs at the point

where the budget constraint line and the highest at-

tainable indifference curve intersect. Modified from

Ref. [4].

Four types of goods in economics. The theory of consumer choice can be viewed as a kind of perturbation

response theory, which focuses on how optimal consumption behavior x̂(I, p) responds to changes in income

I and pricesp. Typically, an increase in price leads to a decrease in demand. Among such goods, goods for which

income increases lead to higher demand are called normal goods, while goods for which income increases lead

to lower demand are called inferior goods (see Table below). For instance, both goods 1 and 2 in the Figure above

are normal goods. Economic examples of normal and inferior goods are coffee and instant coffee, respectively;

in general, cheaper substitutes for non-essential items tend to be inferior goods.

Income I ↗ Price pi ↗ Example in economics

Normal goods Demand xi ↗ Demand xi ↘ Coffee

Inferior goods Demand xi ↘ Demand xi ↘ Instant Coffee

Giffen goods Demand xi ↘ Demand xi ↗ ?

Veblen goods Demand xi ↗ Demand xi ↗ Branded Item

Giffen goods. Economists also consider a rare class of goods for which demand increases as the price rises.

When such goods are also inferior goods, that is, when demand decreases as income rises, they are called Giffen

goods. In reality, there are no robust examples at the market level, and only a few cases, such as rice, have been

reported at the individual level [7]. By contrast, goods whose demand increases with income are called Veblen

goods: branded luxury items, for instance, may exhibit higher demand at higher prices because the higher price

itself raises their perceived prestige (see also the explanation of the Slutsky equation on the next page).

as

Λ(fr, ff) := min (JA(fr, ff), JB(fr, ff)) , (12.2)

where JA and JB denote the production rates of the energy molecule A and the other growth-limiting biomass pre-

cursor B, respectively. Note here that different biomass precursors are non-substitutable or complementary; that is,

even if one precursor is produced in excess, it does not contribute to biomass synthesis, and the precursor with the

lower production rate becomes the rate-limiting factor. This property stems from the law of mass conservation and

can be depicted geometrically as a growth-rate landscape with kinked contours, and these kinks form the ridgeline of

the growth-rate landscape (Figure 12.1B). From an economic perspective, objective functions that involve a minimum

function are known as the Leontief utility functions [7, 4] (see also Box 12.A).

The production rates of ATP (JA) and other growth-limiting biomass precursors such as amino acids (JB ) are assumed

to linearly depend on the fluxes of respiration and fermentation pathways, fr and ff , for simplicity. The former is given



4 Microeconomics of cell metabolism

Economics box 12.A Microeconomic theory of consumer choice (continued)

Complementarity and Leontief utility function. In economics, it is well known that some goods cannot be

substituted for one another. Examples include the left and right shoes of a pair, as well as a camera and film.

These goods are complementary, meaning they only perform their intended function when both are present.

This property is called complementarity. The utility of such complementary goods can be represented using a

minimum function, for example u(x1, x2) = min(x1, x2) (see Figure A below). These types of utility functions

are called Leontief utility functions and are widely used in input-output analysis in manufacturing and other

industries [8, 7]. Leontief utility functions capture the characteristic feature of complementarity exhibited by

metabolic systems due to the laws of mass conservation and stoichiometry (see also Chapter 9).
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(A) Indifference curves in the Leontief utility function with complementary goods, u(x1, x2) := min(x1, x2). (B)
Geometric description of substitution effect (orange) and income effect (purple).

Slutsky equation. The influence of a change in price on the demand for goods can be decomposed into two

distinct effects, known as the Slutsky equation:

∂x̂i(p, I)
∂pj

= ∂hi(p, û(p, I))
∂pj︸ ︷︷ ︸

[Substitution effect]

− x̂j(p, I)∂x̂i(p, I)
∂I︸ ︷︷ ︸

[Income effect]

,

where hi(p, u) is defined as the minimum demand for good i to achieve a utility value u and û(p, I) is defined
as the maximum utility under a given price p and income I (see Appendix 12.5.1 for a detailed derivation). The

substitution effect is caused by relative changes in the combination of the demand for goods. In contrast, an

increase in a good’s price effectively decreases the budget to spend freely, thereby altering the demand for each

good; this is called the income effect.

Geometrically, the substitution effect is represented by the movement of the demand for goods along the

original indifference curve to a point at which the slope of the tangent line equals the ratio of the altered price of

the goods. In contrast, the income effect is represented by a downward, parallel shift of the budget constraint

line (see Figure B above). If the utility is given as a Leontief utility function, the substitution effect is zero within

a certain range of the price change due to the indifferentiability of each indifference curve at the kink [9]. The

self-substitution effect is always non-positive in the above formulation [8]. Accordingly, Veblen goods require

the price p to appear in the argument of the utility function as u(x, p) with ∂u/∂pi > 0 so that the increase in

utility from a price increase is explicitly incorporated.

as

JA(fr, ff) = arfr + afff , (12.3)

where ai denotes ATP yield in pathway i and satisfies ar > af > 0 because respiration produces a greater amount of

ATP than fermentation from the same amount of the carbon source.

Although respiration and fermentation produce energy molecules, they also consume another limited intracellular

resource, such as proteome capacity [12, 13], intracellular space [14, 15], membrane surface [16], or the upper bound

on heat dissipation [17]. Let JB,tot > 0 denote the maximum achievable rate of biomass-precursor production when
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Figure 12.1: Coarse-grained model of overflow metabolism – (A) Schematics of the metabolic model. The

supplied carbon source (IC ) is distributed between the respiration and fermentation pathways (fr and

ff ). These two pathways produce energy molecules (JA) and biomass precursors (JB ), which together

determine the cellular growth rate as Λ = min(JA, JB). (B) Growth rate landscape (left) and its contour

map (right). The grey dashed line is the ridgeline of the growth rate Λ. (Modified from Ref. [4])

all of the limiting resource is allocated to biomass-precursor synthesis. Then, because part of the resource must be

allocated to respiration and fermentation pathways, the feasible flux JB of biomass-precursor production decreases

as

JB(fr, ff) = JB,tot − brarfr − bfafff . (12.4)

Here, aifi represents the production flux of energy molecules through pathway i, and bi quantifies the amount of

the limiting resource such as proteome capacity, membrane occupancy, or intracellular space consumed per unit

energy-molecule flux. Empirical observations suggest that the respiration pathway requires more resources than the

fermentation pathway [12, 14, 15, 16, 17], i.e., br > bf holds
2. Consequently, a trade-off between fr and ff or JA and

JB is assumed here (Figure 12.1A).

Finally, we assume that the pathway fluxes, fr and ff , are rationally regulated to maximize the cellular growth rate

Λ under the above “budget constraint” (Eq. (12.1)). This model can be regarded as a reformulation of the model in

Ref. [12] as an optimization problem.

12.2.2 Nutrient response: trade-off leads to overflow metabolism

In this metabolic model, we calculate how the optimal metabolic flux allocation depends on the carbon influx. It

reproduces the characteristic behavior of overflowmetabolism (Figure 12.2A): the optimized respiration flux f̂r initially

increases and then decreases with the carbon influx IC , while the optimized fermentation flux f̂f begins to increase

at the switching point.

Motivated by biological plausibility, we assumed a trade-off of the form ar > af and br > bf in Eqs. (12.3-12.4), and

showed that this condition reproduces overflow metabolism, namely the switch from respiration to fermentation.

Furthermore, this trade-off is not only sufficient but also necessary for overflow metabolism (Problem 12.1).

2 In this model, the respiration pathway denotes glycolysis combined with the TCA cycle and OXPHOS, whereas the fermentation

pathway denotes glycolysis with acetate/lactate secretion. The definitions of these pathways imply that the former consumes more

resources than the latter, i.e., br > bf (see also Online Resource 1 in Ref. [4] for the estimated parameter values). By contrast, if

one compares only the TCA cycle and OXPHOS with (aerobic) glycolysis alone, there is a report that the former is more protein-

efficient [18].
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In summary, the essential condition for overflow metabolism in this model is a trade-off between the respiration and

fermentation pathways3, regardless of the specific molecular-biological nature of B (and A) [4], as also discussed in

Ref. [19]. Such a simplemathematical structure likely underlies the remarkable ubiquity of overflowmetabolismacross

species, from cancer cells to yeasts and prokaryotes, whereas the identity of the growth-limiting biomass precursor

B (and the exact values of br and bf ) may vary across species and environmental conditions.

12.2.3 Drug response as a Giffen behavior

The responses of metabolic strategies to changes in pr (and pf ) can also be calculated analytically. In metabolism,

a change in price pi is interpreted as the metabolic inhibition of pathway i, which can be achieved through drug

administration.

In economics, the price quantifies the inverse of the efficiency of converting currency into goods: if the price of a good

increases, then the consumer can obtain a smaller amount of the good with the same budget. Similarly, the price

of a metabolic pathway can be defined as the inverse of the efficiency of converting a nutrient molecule into end-

product(s) (see also Table 12.1). That is, the price of respiration pathway, pr, is defined as the (effective) input stoichio-

metric coefficient, i.e., howmany units of carbon source are required to produce one unit of ATP. The aforementioned

normalization, pr = pf = 1, corresponds to a baseline situation without losses due to external manipulation.

With the trade-off, ar > af and br > bf in Eqs. (12.3-12.4), the optimized metabolic allocation, denoted by (f̂r, f̂f),
exhibits the following responses to increases in the price of respiration pathway, pr (Figure 12.2B):

1. Inhibition of respiration (i.e., rise in pr) counterintuitively promotes the optimized respiration flux f̂r.

From the perspective of microeconomics, the demand for respiration decreases when income IC increases (over-

flow metabolism), while it increases when the price pr rises. Thus, the respiration pathway is classified as a Giffen

good (see also Section 12.3.3). Although this Giffen behavior seems counterintuitive, it is universally predicted

for metabolic pathways that exhibit a negative nutrient response (i.e., a decrease in pathway flux with increasing

nutrient influx), as we discuss in the next subsection.

2. The optimal allocation (f̂r, f̂f) discontinuously changes at pr = ar/af .

Intuitively, once the efficiency of the respiration pathway is reduced beyond the threshold by manipulations such

as drug treatment, the fermentation pathway becomes more efficient even in terms of ATP production; as a result,

respiration is no longer used and cellular metabolism switches completely to fermentation.

From an experimental viewpoint, so-called uncouplers of respiration dissipate the proton gradient to produce ATP,

thereby decreasing the metabolic efficiency of energy production [20]; therefore, the administration of such drugs

increases the price of respiration. Indeed, both of the above theoretical predictions are qualitatively consistent with

experimental data (see, e.g., Figure 2 of Ref. [20]).

12.2.4 Relationship between nutrient response and drug response

The above model captures the essence of overflow metabolism and reveals its conditions, also predicting the coun-

terintuitive promotion of the inhibited respiration pathway. These nutrient responses and inhibitor responses, which

are qualitatively different types of metabolic responses, are generally interrelated via the Slutsky equation, a theorem

in mathematical economics.

By applying the Slutsky equation (Appendix 12.5.1, Eq. (12.19)) to the above model, we immediately obtain

∂f̂i(p, IC)
∂pj

= ∂hi(p, Λ̂(p, IC))
∂pj

− f̂j(p, IC)∂f̂i(p, IC)
∂IC

where (i, j = r, f). While the first term (the substitution effect) depends on the details of the utility or growth rate

function, it disappears with the Leontief utility function [9].

3This is analogous to the concept of comparative advantage in Ricardo’s economic theory of international trade.
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Figure 12.2: Responses of optimal allocation of carbon intake – (A) Dependence of the optimized path-

way fluxes, (f̂r, f̂f), on the carbon source intake IC (called Engel curves in microeconomics). Overflow

metabolism is reproduced as a result of optimization. (B) Dependence of the optimized pathway fluxes,

(f̂r, f̂f), and growth rate Λ(f̂r, f̂f) on the price of respiration pathway, pr. IC and pf = 1 are fixed here.

(Modified from Ref. [4])

Therefore, we obtain

∂f̂i(p, IC)
∂pj

= −f̂j(p, IC)∂f̂i(p, IC)
∂IC

. (12.5)

This equation connects metabolic responses to qualitatively different types of environmental variations or manipula-

tions. The case with i = j is particularly insightful: it then implies that the changes in the optimal flux of pathway iwith

increasing the price of pathway i, ∂f̂i/∂pi, and with increasing the nutrient availability, ∂f̂i/∂IC , have opposite signs.

Accordingly, respiration is predicted to be activated by uncoupler administration if and only if overflow metabolism

occurs under the given environmental conditions.

In the next section, we prove the generalization of Eq. (12.5) to arbitrary metabolic systems and discuss its biological

implications in more detail.

12.3 A linear response relation in cell metabolism

This section presents the mathematical derivation of a general linear response relation for metabolism, Eq. (12.15),

which universally holds in arbitrary metabolic systems (see also Figure 12.4).

To this end, Section 12.3.1 first introduces a general framework of constraint-based modeling (CBM). We adopt a for-

mulation that incorporates arbitrary constraints, such as proteome constraints and intracellular space constraints,

and that uses pathway fluxes instead of reaction fluxes as variables. This formulation remains equivalent to the

conventional CBM. Then, we can take advantage of microeconomic concepts to analyze cell metabolism. Within this

framework, Section 12.3.2 proves that the Slutsky equation for metabolism (12.5), obtained in Section 12.2.4, is gener-

alized to arbitrary metabolic systems [5]. It serves as a universal linear relation of how the flux of arbitrary metabolic

pathway or reaction responds to nutrient availability and drug administration or metabolic inhibition, that is, qualita-

tively different types of environmental conditions. Finally, Section 12.3.3 explores the biological implications of this

universal relation.

12.3.1 Constraint-based modeling in metabolism

To provide amicroeconomic formulation of arbitrary metabolic systems, we first introduce the constraint-basedmod-

eling (CBM) in systems biology. In the framework of CBM, intracellular resource allocation is formulated as an opti-

mization problem: linear programming (LP) problems in which the variables are the fluxes v of reactions (see also
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Chapter 5, “Optimization of metabolic fluxes”) . As discussed below, LP problems in CBM are generally equivalent to

optimization problems in the microeconomic theory of consumer choice (see Figure 12.3 and Table 12.2).

In the framework of flux balance analysis (FBA), the most popular method in CBM, the optimized resource allocation

is formulated as [21, 22]:

maximize
v

c>v s.t.
∑
j∈R

Sµjvj = 0 (µ ∈ M) (12.6)

vlb
i ≤ vi ≤ vub

i , (12.7)

where the set of all compounds (metabolites) and metabolic reactions are denoted by M and R, respectively. Here,

c is a |R|-dimensional vector that specifies the weights of each reaction flux in the objective function. Because∑
j∈R Sµjvj is equal to the excess production of compound µ, Eq. (12.6) represents that the production and degra-

dation of internal metabolites must be balanced at the steady states.

CBM addresses a much broader range of problems than standard FBA, including constraints beyond compoundmass

balance. The general formulation of CBM can be represented as (see also Figure 12.3A):

maximize
v≥0

c>v s.t.
∑
j∈R

Sµjvj = 0 (µ ∈ M\E) (12.8)

∑
j∈R

Sαjvj + Iα ≥ 0 (α ∈ E ∪ C), (12.9)

where a non-negative vector v := {vi}i∈R represents the fluxes of all reactions, by decomposing each reversible

reaction into two irreversible reactions (i.e., its forward and backward components). This approach is useful for further

clarifying the correspondence between economic demands and metabolic fluxes.

With respect to Eq. (12.9), if α is a compound (α ∈ E ⊂ M), the corresponding inequality,
∑

j∈R Sαjvj + Iα ≥
0, represents that exchangeable compound α with intake Iα > 0 can be imported and compound α with efflux

Iα < 0 are (forcibly) leaked or degraded; in contrast, if α is a constraint (α ∈ C), it represents a non-stoichiometric

constraint, e.g., allocation of some limited resource such as proteins [12, 13], intracellular space [14, 15], membrane

surface [16], and Gibbs energy dissipation [17]. Note that C can also include other constraints like the upper and lower

bounds of the flux of reaction i: the inequalities in Eq. (12.7) can be represented as two constraints,
∑

j
S(i,lb),jvj +

I(i,lb) ≥ 0 with I(i,lb) := −vlb
i , S(i,lb),i := 1, S(i,lb),j := 0 (j 6= i) and

∑
j

S(i,ub),jvj + I(i,ub) ≥ 0 with I(i,ub) :=
vub

i , S(i,ub),i := −1, S(i,ub),j := 0 (j 6= i).

CBM with pathway fluxes f as variables The LP problem (12.8-12.9) with reaction fluxes v as variables can be equiv-

alently transformed into a LP problem with pathway fluxes f as variables (see also Figure 12.3). The latter formulation

provides a clearer picture when mapping the theory of consumer behavior onto cell metabolism.

A metabolic pathway means a linked sequence of reactions and is defined by a pathway matrix P := {Pii′ ≥ 0 | i ∈
R, i′ ∈ P} which represents that pathway i′ comprises Pii′ units of reaction i, and pathway fluxes f are related to

reaction fluxes as v = P f .

P should be chosen as (linear combinations of) elementary fluxmodes (EFMs) or extreme rays of the flux cone, so that

the balance of internal compounds (12.8) is autonomously satisfied (see also Chapter 4, “Metabolic flux distributions”).

That is, P should be chosen as ∑
j∈R

Sµj (P f)j = 0 (µ ∈ M\E) (12.10)

holds with arbitrary f := {fi′ ≥ 0}i′∈P .

Let us then consider two stoichiometry matrices for reactions R and pathways P , S and K , respectively (see also

Table 12.2). For compound α (∈ M), |Sαi| represents the number of units of compound α produced if Sαi > 0 and

consumed if Sαi < 0 in reaction i; whereas if α denotes a constraint (α ∈ C), Sαi is usually negative and |Sαi| repre-



A linear response relation in cell metabolism 9

sents the number of units of constraint α required for reaction i. The stoichiometry matrix K for metabolic pathways

P is also defined similarly. Throughout this Chapter, we use indices with primes such as i′ to denote pathways and

those without primes such as i to denote reactions, and |Sαi| and |Kαi′ | are called input (output) stoichiometric co-

efficients of reaction i and pathway i′, respectively, if Sαi and Kαi′ are negative (positive). Notably, the stoichiometry

matrix K for pathways, defined as K := SP , represents metabolic pathways in “compound space” and corresponds

to the elementary conversion modes [23].

With these definitions, the LP problem (12.8-12.9) for CBM can be rewritten into another LP problem with pathway

fluxes f as variables:

maximize
f≥0

c′>f

s.t.
∑
j′∈P

Kαj′ fj′ + Iα ≥ 0 (α ∈ E ∪ C) (12.11)

where c′ is defined as c′> := c>P , and E (⊂ M) denotes the set of exchangeable compounds that are transported

through the cellularmembrane. This LP problem represents the optimization of how to allocate each resourceαwhile

satisfying constraint (12.11), which reflects that the total consumption of a compound cannot exceed its intake.

As a simple example, the coarse-grained microeconomic model in Section 12.2 (Figure 12.1) is equivalent to the CBM

problem with the stoichiometry matrix, K ∈ R(M∪C)×P , where M = {C, A}, C = {B}, and P = {r, f, o}:

K =

−pr −pf 0
ar af −1
br bf −1

 .

Microeconomic formulationofmetabolic resource allocationWhen cells are assumed tomaximize the flux of a single

objective reaction o (∈ R) such as biomass synthesis in reproducing cells and ethanol or ATP synthesis inmetabolically

engineered cells (i.e., when ci is positive only for the objective reaction i = o), the correspondence with microeco-

nomics becomes more explicit (see also Figure 12.3). For convenience, we also define the set of the compounds

consumed in and the components required for reaction o as objective components O (⊂ M ∪ C); thus, Sαo for each

objective component α (∈ O) is negative.

In this case, LP problem (12.11) with pathway fluxes f as the variables is equivalent to the following LP problem:

maximize
Λ,f≥0

Λ

s.t.
∑
j′∈P

Kαj′ fj′ + Iα ≥ −SαoΛ (α ∈ E ∪ C), (12.12)

where Λ := v̂o.

Here, the min function for the objective function, Λ := min(A, B), can be replaced by constraints of Λ ≤ A and

Λ ≤ B. Therefore, the optimization problem in CBM (12.11) is equivalent to themaximization of the following Leontief

utility function, i.e., the minimum of multiple “complementary” objectives:

Λ(f) := min
α∈O

[
1

−Sαo

(∑
j′∈P

Kαj′ fj′ + Iα

)]
, (12.13)

under the constraints for the available pathway fluxes f,

−
∑
j′∈P

Kαj′ fj′ ≤ Iα. (α ∈ E ∪ C\O) (12.14)

If compound α (e.g., ADP) is produced by objective reaction o, an additional term +SαoΛ appears on the right-hand

side of Eq. (12.14), effectively increasing the intake Iα. However, this is not the case for most compounds, including

typical nutrients such as glucose.



10 Microeconomics of cell metabolism
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Figure 12.3: Equivalence between a Constraint-Based Model (CBM) andmicroeconomics – (A) CBM formu-

lation of metabolism with reaction fluxes v as variables. The solution subspace (convex set of possible

allocations), called the flux cone, is shown in orange. (B) Microeconomic formulation with pathway fluxes

f as variables and an objective flux Λ. The orange area in f-plane (bottom surface) represents the solution

subspace, whereas the blue plane vertical to f-plane denotes the budget constraint line for a component

ν. The blue points v̂ and f̂ represent the optimized fluxes of reactions and pathways, respectively. Given

v= P f with pathway matrix P , both formulations are equivalent optimization problems. (Modified from

Ref. [5])

The min function (12.13) means that the flux of objective reaction o is limited by the minimum available amount

of objective components O, reflecting the law of mass conservation, or the complementarity in metabolism. The

arguments represent the net production fluxes of “precursors”: if α is a metabolite (α ∈ M), Iα is its intake flux and∑
j′ Kαj′ fj′ represents its total production rate; if α is a constraint (α ∈ C), Iα is the total capacity for constraint α

and
∑

j′ Kαj′ fj′ + Iα is the amount of α that can be allocated to the objective reaction.

This optimization problem (12.13-12.14) can be interpreted as a microeconomic problem in the theory of consumer

choice [9, 8], considering Λ(f) as the utility function (see also Table 12.1). Inequality (12.14) is interpreted as the

budget constraint for each exchangeable compound ν (especially if Kνj′ ≤ 0 for all pathways j′): e.g., if ν is glucose,

the corresponding inequality (12.14) represents carbon allocation. Typically, we focus on a single compound ν as

the nutrient, and then, inequalities (12.14) for the remaining exchangeable compounds determine the solution space

(Figure 12.3). Here, the maximal intake Iν of ν corresponds to the income, and the input stoichiometric coefficient for

each pathway, pν
j′ := − Kνj′ , serves as the price of pathway j′ in terms of ν.

Table 12.2: Symbols in Section 12.3

Symbol Description

M, C, R, P Set of compounds / constraints / reactions / pathways

E , O Set of exchangeable compound (E ⊂ M) / objective components (O ⊂ M ∪ C)
S, K Stoichiometry matrix for reactions / pathways (Sαi, Kαi′ ∈ R; α ∈ M ∪ C, i ∈ R, i′ ∈ P )

vi, fi′ Non-negative flux of reaction i (∈ R) / pathway i′ (∈ P)
qν

i , pν
i′ Metabolic price of reaction i / pathway i′ in terms of ν (∈ M ∪ C)

Iα Maximal intake of compound α (∈ M) or total capacity for constraint α (∈ C)
Λ Flux of objective reaction o (∈ R)
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Figure 12.4: Linear response relation for metabolism – (A) Relation between the responses of path-

way or reaction flux to metabolic inhibition (green) and to changes in nutrient conditions (red)

(Eqs. (12.15) and (12.16)). In the microeconomic interpretation, the response to a drug/inhibitor and nu-

trient availability corresponds to the response to an increase in prices and income, respectively. (B) Nu-

merical simulations using the E. coli core model [24] illustrate that linear response relation of reaction

fluxes (12.16) holds. Different colors and marker shapes correspond to different reactions. The black

line with slope −1 indicates the exact linear response relation of reaction fluxes (Eq. (12.16)). See also

Appendix 12.5.3 and Figure 12.8. (Modified from Ref. [5])

12.3.2 Linear response relation of metabolic pathways

Because Eqs. (12.13-12.14) can be interpreted as amicroeconomic optimization problem, we can apply and generalize

the Slutsky equation in the theory of consumer choice [8]. In metabolism, it corresponds to the relationship between

the responses of the pathway fluxes f̂ (Figure 12.4), as also shown in Section 12.2.4 for a coarse-grained model:

∂f̂i′

∂pν
j′

= −f̂j′
∂f̂i′

∂Iν
. (12.15)

The right-hand side represents the responses of pathway i′ against increases in Iν , whereas the left-hand side repre-

sents those against metabolic inhibitions in pathway j′ because the price pν
j′ = − Kνj′ quantifies the inverse of the

conversion efficiency from substrate ν to end-products in pathway j′.

In general, the metabolic state of a cell varies depending on intracellular metabolic networks and environmental con-

ditions. Nevertheless, by focusing on the perturbation response of metabolic systems, rather than their states them-

selves, this linear response relation offers universal predictions independent of the details of metabolic systems. In-

tuitively, this is because, in metabolism, the law of mass conservation acts as a universal constraint on the responses,

and this confines the solutions to an edge of the growth rate landscape (Figure 12.4).

The linear response relation (12.15) serves as a quantitative guide for manipulating the metabolic states of not only

model organisms but also non-model organisms toward the desirable directions in microbiology, metabolic engineer-

ing, and medicine, as it offers quantitative predictions without prior knowledge of the systems.

Note. Ref. [5] derived Eq. (12.15) by assuming a single objective reaction and directly applying the Slutsky equation.

Using the implicit function theorem, we can prove exactly the same relation, without restricting the objective to a

single reaction flux (see Appendix 12.5.2 for the derivation). This proof provides a more straightforward derivation

and yields a more general response relation: whereas in Ref. [5] the objective function was arbitrary only within the

class of single reactions, the present proof remains valid even when the objective function is any linear combination

of reaction or pathway fluxes.

Therefore, although the biomass synthesis reaction flux vo is considered as the objective in Figure 12.4B, the above

argument is equally valid when the objective function is the total production flux of some compounds such as ATP or

ethanol, as is often considered for metabolically engineered cells [25, 26, 27].
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Linear response relation of metabolic reaction fluxes Although Eq. (12.15) generally holds for arbitrary metabolic

pathways, it may be experimentally easier tomanipulate a singlemetabolic reaction. Manipulation of a single reaction

can affect multiple pathways because they are often tangled via a common reaction in the metabolic network. Hence,

another linear response relation closed only for the reaction fluxes v is useful for application without the need to know

the details of the metabolic systems.

By considering effective changes in the stoichiometric coefficients Sαi for reaction i as metabolic inhibitions (e.g.,

inhibition of enzymes, administration of metabolite analogs, leakage of metabolites, and inefficiency in the allocation

of some resource), we obtain an equation for the optimized reaction fluxes v̂, formally similar to Eq. (12.15) (see

Appendix 12.5.3 for derivation):

∂v̂i

∂qν
i

= −v̂i
∂v̂i

∂Iν
. (12.16)

We here define the price qν
i of reaction i in terms of ν as a function of S, instead of the price pν

i′ of pathway i′ as a

function of K ,

qν
i :=

∑
α∈M∪C

−Sαic
ν
α(i), cν

α(i) := ∂v̂i/∂Iα

∂v̂i/∂Iν
. (12.17)

The coefficient cν
α(i) quantifies the number of units of component ν that can compensate for one unit of α in reaction

i. In principle, it is experimentally measurable: for example, if ν is glucose and α is another metabolite such as an

amino acid, cν
α indicates howmany units of glucose are required to compensate for one unit of the amino acid, similar

to the “glucose cost” in previous studies [28].

Notably, in the linear response relations (12.15-12.16), calculating only the change in metabolic price is sufficient,

rather than the absolute value of the metabolic price itself.

12.3.3 Ubiquity of Giffen goods in cell metabolism

In economic terms, the linear response relation (12.15-12.16) implies that eachmetabolic pathwaymust behave either

as a normal good or as a Giffen good: as a direct consequence of the law of mass conservation, the income effect and

the price response of any metabolic pathway always have opposite signs. While Giffen goods, those whose demand

increases when their price rises but decreases when income rises, are extremely rare in human economies (see also

Box 12.A), Eqs. (12.15) and (12.16) suggest that Giffen goods are ubiquitous in metabolism: whenever a metabolic

pathway decreases its flux in response to increasing nutrient availability, it necessarily behaves as a Giffen good.

Besides respiration pathway in overflow metabolism, the study of cancer metabolism has suggested that several

metabolic pathways or reactions tend to be downregulated in fast-growing, nutrient-rich conditions (i.e., exhibit neg-

ative nutrient responses). Potential examples include the anaplerotic pathway from glutamine into the TCA cycle

(glutamine anaplerosis) [29], pyruvate carboxylation [30], serine catabolism to glycine and formate [31], and the hex-

osamine biosynthetic pathway [32]. Then, our framework offers a testable prediction: inhibiting these pathways,

typically by administration of a metabolic analog or genetic manipulation, can enhance their fluxes.

Furthermore, Section 12.2.2 showed that a trade-off between distinct, yet functionally redundant, metabolic path-

ways results in a negative nutrient response like the respiration pathway in overflow metabolism. Therefore, when

two pathways exhibit such a trade-off, one of them is expected to behave as a Giffen good. Besides respiration and fer-

mentation pathways, a potential example of such pairs is the Embden–Meyerhof–Parnas (EMP) and Entner–Doudoroff

(ED) glycolytic pathways [33, 34] (see also Figure 6.1): the EMP pathway is more efficient for ATP production but re-

quires a greater amount of enzymes than the ED pathway; as expected from this trade-off, the ED pathway is utilized to

catabolize glucose at high growth rates [33], and thus the EMP pathway is expected to behave as a Giffen good. Other

potential examples include a trade-off in ATP production and enzyme occupancy between mixed-acid and lactic-acid

fermentation pathways [35] and trade-offs between carbon fixation and light harvesting arising from the allocation of

nitrogen between Rubisco and chlorophyll [36].
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From an evolutionary standpoint, we expect such trade-offs to be common in evolvedmetabolic systems. For any pair

of redundant pathways or reactions that produce the same metabolite(s), the absence of a trade-off would render

one pathway strictly inferior, making its long-term evolutionary maintenance unlikely. Combining this observation

with the linear response relation (12.15-12.16), we predict that Giffen goods should be ubiquitous in metabolism.

This prediction is not only theoretically non-trivial, but also has concrete experimental implications: many metabolic

pathways and reactions are expected to exhibit the counterintuitive promotion of flux upon metabolic inhibition.

Lastly, Giffen behaviormay be interpreted as amechanism of homeostasis, whereby the loss of efficiency in a pathway

is compensated by an increase in its flux.

12.4 Law of diminishing returns in cell growth

Section 12.3 derived a universal law for the local metabolic responses to small environmental perturbations. In this

section, we examine how cellular growth depends on large variations in nutrient availability, and prove that the

metabolic allocation of various resources such as nutrients and enzymes generally leads to the law of diminishing

returns in cellular growth, as exemplified by Monod’s growth law [37].

The question of how cell growth depends on the amount of available nutrients is central to biology. The classical

phenomenology, originally proposed by Monod in the 1940s [37], states that microbial growth kinetics, namely the

dependence of the specific growth rate µ on substrate availability, generally follows the Monod equation:

µ(s) = µmax

s

KS + s
, (12.18)

where µmax is the maximum growth rate and s is the environmental concentration of the growth-limiting substrate

S with its half-saturation concentration KS. Although this phenomenological law is widely accepted empirically, its

underlying mechanisms have long remained elusive, which limits the universality and extensibility of the law.

Themechanistic basis for how the substrate limits growth is typically explained by a local biochemical bottleneck. Since

the Monod equation has the same functional form as the Michaelis–Menten equation, a single biochemical process is

usually assumed to locally limit cell growth [38, 39, 40, 41] (see also Figure 12.5A). In previous hypotheses, this single

“black box” could be the substrate transport into cells [42, 38], the net flux of respiration [43], or the reaction that

couples catabolism and anabolism [44].

However, microbial growth is achieved collectively by the interplay of thousands of biochemical processes. There

is considerable experimental evidence that cell growth is not limited by a single biochemical process alone [45, 46]:

for example, experimental changes in the environmental conditions of nitrogen sources can alter the dependence

of growth rate on the availability of carbon sources [47, 48]; and cells exhibit qualitatively different phenotypes with

respect to the metabolism of nutrients for cell growth [21].

In addition, the accumulation of experimental data has shown that the observed microbial growth kinetics are not

accurately captured by the Monod equation [38, 49, 50, 51]. That is, the shape of actual microbial growth kinetics

curves varies across species and environments and there is no longer quantitative evidence to support the exact

functional form of Eq. (12.18). Nevertheless, certain features still appear to be universal [38, 49, 51]: (i) growth rate

is a monotonically increasing function of nutrient availability and (ii) growth rate exhibits concavity with respect to

nutrient availability4, in other words, there are diminishing returns to getting more and more of a nutrient.

A novel macroscopic framework is thus needed to elucidate the underlyingmechanism of these fundamental features

(i-ii) in microbial growth.

4 Empirically, there can be a limited minimum substrate concentration smin to achieve cell growth due to the maintenance energy

requirements [50, 46]. However, in classical arguments such as Monod’s, they are effectively ignored for simplicity by considering

the substrate concentration s after subtracting smin.
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Figure 12.5: Microbial growth kinetics: law of diminishing returns in cell growth – (A) Monod’s microbial

growth model. (B) Global constraint principle for the microbial growth kinetics curve. (Modified from

Ref. [6])

12.4.1 Global constraint principle for microbial growth law

We here propose the global constraint principle for the law of diminishing returns in cellular growth: as the availability

of a specific nutrient increases, some other resources are gradually depleted and act as additional growth-limiting

factors (see also Figure 12.5B).

Fromamathematical standpoint, the dual problemof the LP formulation of CBM (Eqs. (12.8–12.9)) is useful for showing

concavity of the optimal growth rate µ := v̂o, or the law of diminishing returns in cellular growth:

minimize
y∈RM∪C

∑
α∈E∪C

Iαyα s.t. −
∑

α

Sαoyα ≥ 1,

−
∑

α

Sαiyα ≥ 0 (i 6= o),

yα ≥ 0 (α ∈ E ∪ C).

Note that the nutrient availability I changes the feasible solution space of the primal problem (Eqs. (12.8–12.9)),

whereas it does not affect that of the dual problem because I appears only in the coefficients of the objective function

to be minimized in the dual problem. The optimized dual variables, ŷα, are called shadow prices and represent the

rate at which the optimal growth rate changes in response to a one-unit increase in the influx of metabolite α. From

the strong duality theorem v̂o =
∑

α
Iαŷα, ŷα = ∂µ/∂Iα holds. We can mathematically prove that ŷS gradually

diminishes with increasing the availability IS of focal nutrient S (Problem 12.2)5.

This suggests that Monod’s growth law may be better understood as a consequence of global resource allocation,

rather than a single growth-limiting process as traditionally believed (Figure 12.5). The above argument suggests that

monotonicity and concavity are the only universal features commonly shared across systems, while more detailed

quantitative features inevitably depend on the molecular-biological specifics of each system.

Schematics: terraced Liebig’s barrel The global constraint principle can be interpreted schematically as a modified

form of Liebig’s law/barrel (Figure 12.6), which we already discussed in Chapter 9: as a nutrient S is poured into the

barrel, the surface height corresponds to the growth rate µ, where the height of each stave represents the availability

of each resource other than S. The water surface area in the barrel is therefore ∂IS/∂µ, which coincides with the

inverse of the shadow price ŷS = ∂µ/∂IS (i.e., the slope of the growth kinetics curve). Each stave spreads out in a

stepwise manner, reflecting the metabolic shifts to pathways with lower growth yield from S due to additional global

constraints.

5More broadly, the same conclusion holds for convex optimization problems in general (see SI Appendix of Ref. [6]).
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Figure 12.6: Liebig’s barrel – The schematics shows a terraced Liebig’s barrel (top) and its sectional view

for the case with a focal substrate S and the other resources A and B (bottom). (Modified from Ref. [6])

12.4.2 Growth rate dependence on multiple nutrients

The global constraint principle not only captures the law of diminishing returns, but also provides a useful framework

for analyzing cell growth under multiple nutrient limitation (Figure 12.7).

Since the growth kinetics curve µ(IS ; Ĩ) is shaped by the global regulation of intracellular metabolism, it depends

not only on the availability of the focal nutrient S but also on that of the other resources, here denoted as Ĩ. If the
availability of a non-focal resource, i.e., a resource other than S, increases (decreases), the constraint on the allocation

of the non-focal resource is relaxed (tightened); as a result, the growth kinetics curve µ(IS ; Ĩ) should shift up (down) in
the phase(s) where cell growth is limited by the non-focal resource (see also Figure 12.7C). Conversely, by measuring

how the shape of the microbial growth kinetics curve responds to environmental manipulations, such as the addition

of a nutrient to the medium, one can empirically infer the growth-limiting factors under the original environmental

conditions.

Such responses of the microbial growth kinetics curve are indeed observed numerically (Figure 12.7). The decrease

in the availability of a non-focal resource, oxygen Iox (Figure 12.7A) or a nitrogen source (ammonium) Iamm (Figure

12.7B), shifts the growth kinetics curve µ(Iglc) downward in a phase with sufficiently large Iglc, while maintaining the

same slope ŷS = ∂µ/∂IS until the initial downward shift. Then, one can empirically conclude that cell growth in this

phase is limited by the non-focal resource under the original environment.

These behaviors, whichMonod’s law does not capture, are experimentally testable. Indeed, a nitrogen-limited chemo-

stat experiment [52] shows qualitatively consistent trends: reducing the availability of ammonia (the nitrogen source)

availability shifts the growth curve µ(Iglc) downward, while leaving the initial (low-Iglc) slope essentially unchanged

across nitrogen conditions.

12.5 Concluding remarks

In this chapter, we have argued that viewing resource allocation in cell metabolism through a microeconomic lens

provides a variety of conceptual and quantitative insights. The interdisciplinary perspective of the microeconomics of

metabolism offers several advantages.

Owing to the precise mathematical correspondence summarized in Table 12.1, theorems and definitions from mi-

croeconomics can be transferred directly to metabolism. We have used concepts from microeconomics, such as the

Slutsky equation, Giffen goods, Leontief utility functions, shadow price, and the law of diminishing returns, to reveal
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Figure 12.7: Growth rate µ as a function of carbon source availability Iglc with different maximal influxes

of (A) oxygen Iox and (B) nitrogen source Iamm. The dashed lines correspond to the case with Iox = 16.6
and Iamm = 8.3. Numerical calculations of Constrained Allocation FBA (CAFBA) [13] were performed using

the genome-scale E. coli iJO1366 model [53] and the COBRApy package [54]. (C) Schematics with terraced

Liebig’s barrels (see also Figure 12.6). (left) The shortest stave corresponds to the least available resource

A (for example, total proteome in panels A and B), which determines the maximum growth rate. (right)

When the availability of resource B (for example, oxygen or ammonia in panels A and B, respectively)

decreases, the maximum growth rate is limited by B. This decrease leads to the reallocation of B to

metabolic processes and the resulting decrease in the shadow price ŷS = ∂µ/∂IS at a lower IS . (Modified

from Ref. [6])

a trade-off as the general condition for overflow metabolism (Section 12.2), derive a linear response relation for cell

metabolism (Section 12.3), and establish the global constraint principle for cellular growth (Section 12.4). These re-

sults illustrate how income and price responses in the microeconomic theory of consumer choice map onto nutrient

responses and drug responses inmetabolism. Looking ahead, further analysis ofmetabolic adaptation and regulation

using tools from parametric programming and duality theory appears promising.

Notably, in biochemical systems includingmetabolic systems, physicochemical constraints such asmass conservation

and thermodynamic feasibility often enable more general and stronger statements than are available in typical eco-

nomic settings. While our discussion has focused primarily on cellular metabolism, the underlying principles should,

in principle, extend to multicellular systems such as plants and ecosystems; this mirrors the way in which Liebig’s law,

originally formulated for plant growth, also applies to microbial growth. Thus, the microeconomics of metabolism

may ultimately serve as a theoretical basis not only for the metabolism of unicellular organisms, including microbes

and cancer cells, but also for that of multicellular organisms and ecological communities.

From a broader and longer-term perspective, the analogy between economics and metabolism appears intellectually

fruitful in both directions. As seen in this Chapter, the parallel between budget constraints and cellular resource lim-

itations brings new ways of thinking about metabolic regulation. Recent work has also derived a trade-off between

metabolic controllability and thermodynamic cost, by examining the coupling among various currency metabolites
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such as ATP, GTP, andNAD(P)H from the perspectives ofmicroeconomics andnonequilibrium chemical thermodynam-

ics [55]. Conversely, insights from metabolic systems, such as the parallel between Giffen goods and the respiration

pathway, may, in turn, inspire new questions and analytical frameworks in economic systems, including manufactur-

ing and supply networks.

Recommended readings

“Foundations of Economic Analysis” by P. A. Samuelson (Harvard University Press, 1947) [56]. This book, based on

Samuelson’s 1941 doctoral dissertation, is a milestone in the field of mathematical microeconomics.

“Energy metabolism of the cell: a theoretical treatise” by J. G. Reich and E. E. Selkov (Academic Press, 1981) [38]. This

book brilliantly presents a variety of biological phenomena and theoretical models related to energy metabolism.

Problems

Problem 12.1 Analysis of the coarse-grained model in Section 12.2

(1) Calculate the optimal fluxes (f̂r(IC , pr, pf), f̂f(IC , pr, pf)) in the coarse-grained model in Section 12.2.

(2) Show the necessary and sufficient condition for overflow metabolism.

Problem 12.2 Proof of convexity in CBM

Prove the convexity of µ(I) in the LP problem for CBM (Eqs. (12.8–12.9)).

Appendix sections

12.5.1 Slutsky equation, substitution effect, and income effect

The influence of a change in price on the demand for goods can be decomposed into an income effect and a substi-

tution effect as mentioned in the main text. This is known as Hicksian decomposition or the Slutsky equation [8].

When given a utility function u(x), we define x̂i(p, I) as the optimal demand for good i determined as a function

of the price of the good p and income I . By defining E(p, u) as “the minimum income required to achieve a certain

utility value u,” we can represent “theminimum demand for good i required to achieve a utility value u” as hi(p, u) :=
x̂i(p, E(p, u)).

Differentiating this function hi(p, u) with respect to pj yields

∂hi(p, û(p, I))
∂pj

= ∂x̂i(p, I)
∂pj

+ ∂x̂i(p, I)
∂I

∂E(p, û(p, I))
∂pj

,

where û(p, I) represents the maximum utility under a given price p and income I . Due to optimality, the last term

∂E(p, û(p, I))/∂pj equals to the optimal demand x̂j(p, I).

Accordingly, we obtain the Slutsky equation that describes the response of demand x̂i(p, I) to changes in price pj :

∂x̂i(p, I)
∂pj

= ∂hi(p, û(p, I))
∂pj

− x̂j(p, I)∂x̂i(p, I)
∂I

. (12.19)

The first term ∂hi(p, û)/∂pj represents the substitution effect caused by relative changes in the price of each good;

particularly, the “self-substitution effect” for i = j is always non-positive [8]. In contrast, the second term x̂j(p, I) ∂x̂i(p,I)
∂I

reflects the income effect, which can be either positive or negative. This represents the effect that an increase in the

price of a good leads to an effective decrease in income, which also changes the demand for goods. Eq. (12.19) states

that these two effects determine the dependence of the demand for goods on the price (see also Box 12.A).
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Figure 12.8: Responses of the optimized pathway fluxes f̂ . (A) Responses to metabolic inhibitions,

∆f̂i′(∆Kglc,j′)/∆pglc
j′ , are plotted against the nutrient responses, f̂j′∆f̂i′(∆Iglc)/∆Iglc. All different

shapes and colors of markers represent different i′ and j′, respectively. Iglc = 5 [mmol/gDW/h]. (B)

13 active extreme pathways, computed using efmtool [57], are shown. Colors correspond to those of the

markers for manipulated pathways j′ in panel A. The whole metabolic network of the E. coli core model

is shown in gray. Here, (linear sums of) EFMs or extreme pathways for the stoichiometry without objec-

tive reaction o are considered as the metabolic pathways. That is, we consider metabolic pathways from

components α with influxes Iα > 0 to objective components O. (Modified from Ref. [5]).

12.5.2 Derivation of Eq. (12.15) using the implicit function theorem

Let us assume a non-degenerate optimum, i.e., the optimal solution f̂(K, I) is locally unique in a neighborhood of the

given parameter, (K, I). Then, the set B (⊂ E ∪C) of active inequality constraints (called binding constraints) remains

unchanged, and the matrix corresponding to these binding constraints, denoted by KB , is of full rank. In this case,

the binding constraints can be written as equalities,

gα

(
f̂(K, I), K, I

)
:=
∑
j′∈P

Kαj′ f̂j′ (K, I) + Iα = 0 (α ∈ B). (12.20)

Collecting gα into a vector g := {gα}α∈B , the above Eq. (12.20) can be written compactly as

g
(
f̂(K, I), K, I

)
= 0. (12.21)

Differentiating Eq. (12.21) with respect to the nutrient availability Iν and applying the implicit function theorem, we

obtain
∂g
∂ f̂

∂ f̂
∂Iν

+ ∂g
∂Iν

= 0. (12.22)

Since ∂g/∂ f̂ = KB , Eq. (12.22) yields

∂ f̂
∂Iν

= −K−1
B eν , (12.23)

where eν := ∂g/∂Iν is the unit vector in the direction of ν (if ν ∈ B, and zero otherwise).

Similarly, differentiating Eq. (12.21) with respect to the stoichiometric coefficient Kνj′ gives

∂g
∂ f̂

∂ f̂
∂Kνj′

+ ∂g
∂Kνj′

= 0.
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Using ∂g/∂ f̂ = KB and ∂g/∂Kνj′ = f̂j′ (K, I) eν , we obtain

∂ f̂
∂Kνj′

= −K−1
B f̂j′ (K, I) eν . (12.24)

Eliminating K−1
B eν between Eqs. (12.23-12.24) yields

∂f̂i′ (K, I)
∂Kνj′

= f̂j′ (K, I) ∂f̂i′ (K, I)
∂Iν

, (12.25)

which is exactly Eq. (12.15), noting that the metabolic price is defined as pν
j′ = −Kνj′ .

12.5.3 Derivation of Eq. (12.16) from Eq. (12.15)

Noting v̂ = P f̂ and multiplying Eq. (12.15) by pathway matrix P from the left, we immediately obtain equality for the

responses of reaction fluxes v:

∂v̂i(K, I)
∂pν

j′
= −fj′ (K, I)∂v̂i(K, I)

∂Iν
(i ∈ R, j′ ∈ P), (12.26)

Assuming that a stoichiometric coefficient Sµj of reaction j is effectively altered to Sµj − ∆Sµj , the j′-th column

vector of matrix K := SP changes as

{Kαj′ }α∈M∪C → {Kαj′ − ∆Kαj′ }α∈M∪C

:= {
∑
k∈R

SαkPkj′ − δαµ∆SµjPjj′ }α∈M∪C ,

with Kronecker delta δαµ. That is, the metabolic price of pathway j′ for metabolite µ changes by ∆pµ
j′ = ∆SµjPjj′ .

Therefore, if multiple stoichiometric coefficients are simultaneously altered,

∆v̂i({∆Sαj}α∈M∪C) =
∑

µ∈M

∑
j′∈P

∂v̂i(K, I)
∂pµ

j′
∆pµ

j′

=
∑

µ∈M

∑
j′∈P

∂v̂i(K, I)
∂pµ

j′
Pjj′ ∆Sµj .

From Eq. (12.26) and v̂ = P f̂ ,

∆v̂i({∆Sαj}α∈M∪C) = −
∑

µ∈M

∑
j′∈P

∆SµjPjj′ f̂j′
∂v̂i

∂Iµ
.

= −v̂j

∑
µ∈M

∆Sµj
∂v̂i

∂Iµ
. (12.27)

Then, by defining cν
µ(i) := ∂v̂i

∂Iµ
/ ∂v̂i

∂Iν
and

∆qν
i ({∆Sµi}µ∈M) :=

∑
µ∈M

cν
µ(i)∆Sµi

and applying it to Eq. (12.27) in the case of j = i, we obtain

∆v̂i({∆Sαj}α∈M∪C) = −v̂i
∂v̂i

∂Iν

∑
µ∈M

cν
µ(i)∆Sµi︸ ︷︷ ︸

=:∆qν
i

.

Finally, Eq. (12.16) is derived:

∂v̂i(S, I)
∂qν

i

= −v̂i(S, I)∂v̂i(S, I)
∂Iν

.
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Although the precise calculation of the coefficients cν
µ(i) requires information regarding not only the responses of

v̂i to Iν but also those to Iµ, they can be approximated in ways easier and independent of reaction i. For example,

under extreme situations in which only the carbon sources limit the objective reaction, cν
µ should be the ratios of

the carbon numbers of compounds µ and ν; alternatively, the simplest approximation could be just taking cν
µ as

unities. Even with these approximations, the relation (12.16) appears to hold well, and thus such approximations will

be useful for qualitatively predicting whether metabolic inhibition promotes or suppresses the reaction of interest

(see Supplementary Material of Ref. [5] for details).

Solutions to problems

Problem 12.1 (Analysis of the coarse-grained model in Section 12.2)

Hint: The ridgeline of the growth rate landscape (shown in dashed gray line in Figure 12.1B) is givenby ff = − 1+br
1+bf

ar
af

fr+
JB,tot

af (1+bf ) .

Problem 12.2 (Proof of convexity in CBM)

Hint: Use the duality and strong duality theorem.
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