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The Problem

Diversity of metabolic flux distributions 2/35



The simplest math

dXi

dt
=

∑
j

Sijνj(X⃗)

▶ Xi concentration of metabolite i ∈ [1, ..M ]

▶ νj velocity of reaction j ∈ [1, ..N ]

▶ Sij Stoichiometric Matrix

▶ N > M

Diversity of metabolic flux distributions 3/35



Stationarity

dXi

dt
=

∑
j

Sijνj(X⃗) = 0

Constraint modelling

S ν⃗ = 0

Constraint modelling

S ν⃗ = b⃗
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Graphical Representation
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Additional Assumption

▶ Maximize: E =
∑

j hjνj

Flux Balance Analysis = Linear Programming

S ν⃗ = b⃗
maxν⃗ E
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Graphical Representation
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Experimental Support
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But Life is more complex than that

V. Onesto el al, Probing Single-Cell Fermentation Fluxes and Exchange Networks via pH-Sensing Hybrid Nanofibers, ACS Nano 2023, 17, 4,
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But Life is more complex than that

A. Traven et al, Transcriptional profiling of a yeast colony provides new insight into the heterogeneity of multicellular fungal communities. PLoS One.

2012;7(9):e46243.
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Building a Probability Measure
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Maximum Entropy Principle

S = −
∫
P P (ν) logP (ν)

Among all the probability densities compatible with the data (or knowledge), the one
having the largest value of S is the one that best represents our knowledge of the
system
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Derivation

maxP (ν) − [
∫
P P (ν) logP (ν)]

subject to:
∫
P P (ν) = 1 and

∫
P f(ν)P (ν) =< f >
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Derivation

L = −
∫
P
P (ν) logP (ν)− α(

∫
P
P (ν)− 1)− β(

∫
P
f(ν)P (ν)− < f >)

P (ν) ∼ eβf(ν)
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Summarizing
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Problem One

reservoir

culture vessel

effluent
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Mathematical framework

dX

dt
= (µ− σ −D)X

µ = µ(u, r) σ = σ(s)

dsi
dt

= −uiX − (si − ci)D

lbk ≤ rq ≤ ubk

−Li ≤ ui ≤ min{Vi, ci
D

X
}∑

k

rk < K

∑
k

Sikrk − ei − yiµ+ ui = 0

The cell maximizes biomass
production µ
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Small Network

S

E
P

E

W

Vazquez et al.. Macromolecular crowding explains overflow metabolism in cells. Scientific Reports 6, 31007 (2016)

Diversity of metabolic flux distributions 17/35



Toxicity is the key point
bistable regime

(a) (b)
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General Picture

S

E
P

E

W

respiration

S

E
P

E

W

overflow

(a) Overflow. At high enough nutrient uptake the respiratory flux hit s the upper bound rmax and the remaining nutrients are exported as W . (b)

Respiration. The nutrient is completely oxidized with a large energy yield. (c) Threshold values of ξ. ξ0 delimits the nutrient excess regime

(ξ < ξ0) from the competition regime (ξ > ξ0). ξsec delimits the transition between overflow metabolism (ξ < ξsec and respiration (ξ > ξsec).

Finally, maintenance demand cannot be met beyond ξ > ξm.
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Homogeneous Chemostat

dX

dt
= (µ− σ −D)X = 0

If stationary µ(u, r)− σ(s∗) = D
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Hetergeneous Chemostat

D =
X

ξ
=

∫
Π
(µ(ν)− σ(s∗))Ps∗(u, r)d(u, r)

s∗i = ci − ξ

∫
Π
ui(ν)Ps∗d(u, r)
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Small Network again
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Effect of the heterogeneity

∞
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Genome Scale Metabolic Network

J. Fernandez-de-Cossio

Diaz, K. León and R. M., Characterizing stationary states of genome scale metabolic networks in continuous culture, PLOS Computational Biology.

13 (11): e1005835 (2017)
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Experimental results

L. Calzadilla-Rosado, E. Hernández, J. Dustet, J. Fernández-de-Cossio-D́ıaz, M. Pietzke, A. Vazquez, K. León, R. M. and T. Boggiano, Multiple

steady states and metabolic switches in continuous cultures of HEK293: Experimental evidences and metabolomics analysis, Biochemical Engineering

Journal 198, 109010 (2023)
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Problem Two

Can we estimate the fluxes of the cultures in a chemostat?
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Standard approach

Given some constraints: S ν⃗ = b⃗

< vi >exp∈ polytope

Find v such that some function f(v) is maximum
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Alternatively: Maximum Entropy

Given some constraints: S ν⃗ = b⃗ and:

< vi >exp=

∫
vP (v)dv ∈ polytope

argMaximize
P (v)

S = −
∫
P (v) logP (v)dv
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Toy model

dX

dt
= (µ−D)X

µ = µ(u, r)

ds

dt
= −uX + (cR − s)
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Toy model

dX(µ, ug, uo)

dt
= µX(µ, ug, uo)−DX(µ, ug, uo)

dsg
dt

= −
∫
V

ug, X(µ, ug, uo) dµ dug duo + (cg − sg)D
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Toy model

dX(µ, ug, uo)

dt
= (1− ϵ)µX(µ, ug, uo)−DX(µ, ug, uo) +

+
ϵ

V

∫
V

µ′X(µ′, u′g, u
′
o) dµ

′, du′gdu
′
o

dsg
dt

= −
∫
V

ug, X(µ, ug, uo) dµ dug duo + (cg − sg)D
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Toy model
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Inference in heterogeneous metabolism
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Results for the Genome Scale Ecoli model

J.A. Pereiro-Morejón, J. Fernández-de-Cossio D́ıaz and R.M, Inferring metabolic fluxes in nutrient-limited continuous cultures: A Maximum Entropy

Approach with minimum information, iScience 25, 105450 (2022)
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Results for the Genome Scale Ecoli model

D. De Martino et al, Statistical mechanics for metabolic networks during steady state growth, Nat. Comm. 9, 2988 (2018)
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Conclusions

▶ Every direct problem can be studied in a probabilistic setting

▶ This probabilistic setting can be used to solve every inverse problem

▶ There is a lack of experimental results
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