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Bacterial persistence: elementary model

• 2 states R: growing (R=1) / dormant (R=0)


• 2 environments E: antibiotics (E=+) / no antibiotics (E=-)

• multiplication factor in 
one generation f(R,E)

E = +E = -

R = 0

R = 1

1

20

1

• probability for antibiotics (E=+) : p

• probability to be dormant (R=0): u

Question: given f(R,E) and p, optimal transition rate u ?

(drawn at each generation)

Meta question: optimal in what sense?
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Two limits: (1) Large population

(2) Long time 

(1) Given Nt cells at generation t, fraction u of cells with R=0 (dormant), 1-u with R=1 (growing)

If no antibiotics (E=+): 

If antibiotics (E=-):

<latexit sha1_base64="7F5otmFzjT3Om1mvNePmDACTv7c="></latexit>

A+ = u+ 2(1� u) = 2� u

<latexit sha1_base64="myZTIf4oJXpp0SItHLftW7nQ2Ck="></latexit>

A� = u

<latexit sha1_base64="RDMt0rG2q691E+TyEL2cx9JUmSI="></latexit>

Nt+1 = A+Nt

<latexit sha1_base64="VnLihsXKjgsh00QmUZ6P/d3u7BY="></latexit>

Nt+1 = A�Nt

(2) Over T generations, fraction p of generations with E=- (antibiotics), fraction 1-p with E=+ (no antibiotics)

<latexit sha1_base64="wRvgcN/QnOiWEEywKvnsJ/mT8Uc="></latexit>

NT = (A�)
pT (A+)

(1�p)TN0

<latexit sha1_base64="HNR6Jj/cUO9EeDfblnLCwvQQaSE="></latexit>

NT = e⇤TN0

<latexit sha1_base64="fI3ltDv/lZ1E2+a9+U29JXTSRww="></latexit>

⇤ = p lnA� + (1� p) lnA+

<latexit sha1_base64="jSx8nKaAVKrHxmOtqqw/yOTLdLQ="></latexit>

= p lnu+ (1� p) ln(2� u)

Conclusion: optimal transition rate u adapted to the uncertainty p of the environment

Bacterial persistence: elementary model
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General model with sensing
• n states R


• M environments E, probability p(E)


• multiplication factor f(R,E)


• switching probability u(R|S) where S is a cue (previously just u(R), recovered if S is independent of E)


• probability q(S|E) for S given E

Muliplicative factor given E,S:
<latexit sha1_base64="v7L32b/5O95BxRxaFuBk0DZYgww="></latexit>

A(E,S) =
X

R

f(R,E)u(R|S)<latexit sha1_base64="Qq1RcVxc3m1pycmLWGqDoLsmRVI="></latexit>

Nt+1 = A(E,S)Nt

<latexit sha1_base64="5LcSPcch5HUvOn5Y3gr4TW3O40U="></latexit>

⇤ =
X

S,E

q(S|E)p(E) lnA(S,E)Growth rate:

Geometric mean not arithmetic mean
<latexit sha1_base64="grXD0yaoUGGY79rrjA1aj6VFbGU="></latexit>

⇤ = hlnA(S,E)iS,E
<latexit sha1_base64="0fcpV7V0mntQX6E+s+887zbQO3s="></latexit>

⇤ = lnhA(S,E)iS,E
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Arithmetic vs geometric means

D Bernoulli, Exposition of a new theory 
on the measurement of risk (1738)

Growth is not an additive but a multiplicative process!

Didactic example:

A=2 with p=1/2 or A=1/3 with p=1/2

arithmetic mean = (1/2)(2+1/3) > 1

geometric mean = (2*1/3)^(1/2) < 1

Back to the simple model of bacterial persistence:

optimal geometric mean: u =

optimal arithmetic mean: u = 0 — very risky strategy that leads to extinction if E=- even occur!
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Value and cost of information

Without sensing and with f(R,E)=f(E)delta (R,E) (Kelly case, see 2nd part)

<latexit sha1_base64="v7L32b/5O95BxRxaFuBk0DZYgww="></latexit>

A(E,S) =
X

R

f(R,E)u(R|S)
<latexit sha1_base64="5LcSPcch5HUvOn5Y3gr4TW3O40U="></latexit>

⇤ =
X

S,E

q(S|E)p(E) lnA(S,E)

<latexit sha1_base64="KFQW9ycM3fWP5pyr4XwtYk9sVds="></latexit>

⇤ =
X

E

p(E) ln(f(E)u(E)) =
X

E

p(E) ln f(E) +
X

E

p(E) ln p(E)�
X

E

p(E) ln(p(E)/u(E))

Value of sensing, again with f(R,E)=f(E)delta (R,E)

With no sensing, i.e. S independent of E, optimal growth rate

With sensing, i.e. given q(S|E), optimal growth rate

Value of sensing:

Biologically, also a cost c(q) that increases with precision => a trade-off and optimal sensor

<latexit sha1_base64="3Azuc0bKaSPdUsjQ6/xGqG/02xE="></latexit>

⇤⇤(q)� ⇤⇤(;) =
X

S,E

q(S|E)p(E) ln q(S|E)
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Analogies with financial investment

Major difference: information is centralized in finance, distributed in biology

Implication: one sensor per cell, heterogeneity that is beneficial

<latexit sha1_base64="5LcSPcch5HUvOn5Y3gr4TW3O40U="></latexit>

⇤ =
X

S,E

q(S|E)p(E) lnA(S,E)
<latexit sha1_base64="MKzJrsjVxf/Gw6yRq2xtU9tqMYU="></latexit>

⇤ =
X

S,E

p(E) lnA(S,E)q(S|E)<

Warning: what is optimal for a population may not be evolutionary stable!

Conflict between levels of selection!
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Optimal strategies in correlated environments

Heredity: passing information between generations
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Summary and perspectives

Short/intermediate times and finite population: see David
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Outline of the talk

1. Tradeoff in optimal gambling strategies

with L. Dinis, Universitad Complutense, Madrid,

J. Unterberger, Université de Lorraine

2. Adaptive strategies in gambling 

with A. Despons, Laboratoire Gulliver

L. Peliti, Université de Naples 

3. Tradeoff for phenotypic switching of populations 

in varying environments

with L. Dinis, Universitad Complutense, Madrid,

J. Unterberger, Université de Lorraine

Growth in uncertain environments



Kelly’s formula in popular culture
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From card counting method in blackjack. ..           .. to investments on the stock market

A new interpretation of information rate, Kelly J. L. J. (1956)



Kelly’s model as a resource allocation problem

Growth in uncertain environments

Constraints :    and          with   for fair odds 

Dynamics :   winning horse x is chosen with probability 

Then capital is updated  : 

Bets 

Gambler Bookmaker

Odds 

MX

x=1

bx = 1

<latexit sha1_base64="7er2TlNjDRn7zSim+mgHUXxcslA="></latexit>

MX

x=1

rx = 1

<latexit sha1_base64="UZFQV+rJmGfITEiNON9TrMT2+oI="></latexit>

rx :=
1

ox

<latexit sha1_base64="9GdsfSg3zoeA4Ms2T/jLOgr0hJs="></latexit>

<latexit sha1_base64="pVjV6fiH5t7vXwey3wreynkpNMU="></latexit>

Ct+1 =
bx
rx

Ct

<latexit sha1_base64="bB4ezlGqDNH7rCBxOs+PL9hRUU8="></latexit>px
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Long term growth rate 

 Log-Capital     

 by the law of large numbers :

 

 Optimization of the long term growth rate  (Kelly’s optimal strategy)

 This is maximum when                   and at this point
  

  The gambler makes money when he/she has better knowledge of the 
   winning probabilities than the bookie

    

bx = px

<latexit sha1_base64="IER5MrKHeS84vd5mJRaJiyG2APY="></latexit>

<latexit sha1_base64="Wa6ZNWPct+FCCgHhPa+05mfMFTw="></latexit>

log-cap(t) =
tX

⌧=1

log

✓
bx⌧

rx⌧

◆

<latexit sha1_base64="ZH+81LbtjtPBEmjmCukuBsf1Xmg="></latexit>

log-cap(t)

t
���!
t!1

E

log

✓
bx
rx

◆�

<latexit sha1_base64="yTkkE2ucfGvmXSQ/9MtSoja3/yI="></latexit>

hW i = E

log

✓
bx
rx

◆�
= DKL (p||r)�DKL (p||b)

<latexit sha1_base64="PSlqnfoF02lvTZqC5hDT8jYtbzE="></latexit>

hW ⇤i = DKL (p||r) � 0
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Evolution of the capital of the gambler

• Kelly’s strategy dominates on long times all non-optimal strategies

• A general trade-off between the maximization of the growth rate and the minimization of risky fluctuations ? 

L. Dinis, J. Unterberger, D. L., Eur. Phys. Lett. (2020)



How to define risk ?

Growth in uncertain environments

By the central limit theorem :
      
       normal law

 where            is the volatility

The volatility is not the best measure of risk but it leads to tractable calculations

In practice, risk is relevant at intermediate time scales 

Risk free strategy 
 
Note that the strategy            has                 and 
    

<latexit sha1_base64="92gZ4PSy7jr5B0oxn/vpeYxbMxQ="></latexit>

bx = rx

<latexit sha1_base64="K29Hm4oJNN4mvutJH4e8y8k7XSM="></latexit>

�2
W = Var


log

✓
bx
rx

◆�
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�W = 0
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✓
log

Ct

C0
� thW i

◆
���!
t!1

N (0, 1)
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t ⌧ (�W /hW i)2

<latexit sha1_base64="8O2o99u3zbDATbIiqHO0fWgllhc="></latexit>

hW i = 0
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Objective function :

• Interpolates between maximization of growth rate for ⍺=1 and the  
minimization of the fluctuations when ⍺=0

• The optimal solution is parametrized by ⍺, which is a risk aversion parameter.

• Similarities with Markowitz portfolio theory

J = ↵hW i � (1� ↵)�W + �
X

x

bx

<latexit sha1_base64="3UHrDIjImCXjRrCZuGpInmT/zbY="></latexit>

Markowitz H. (1952)

LUV

IBM

0,00%
0,50%
1,00%
1,50%
2,00%

0 0,002 0,004 0,006 0,008 0,01

R
et
ur
n

Variance

ptf 1

From Wharton school of finance



Two horses solution
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• If p is the probability that the first horse wins, o=1/r the odd then : 

      
  

              with

• Risk free strategy is                where 

• Optimal strategy has two branches : 

 with

b± = p± ��,

<latexit sha1_base64="xOduPBj4gu+Vm17vWCS3CzLxVXU="></latexit>

� =
p
p(1� p)
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hW i = p ln(
b

r
) + (1� p) ln(

1� b

1� r
)
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� = (1� ↵)/↵
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hW i = �W = 0
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b = r

<latexit sha1_base64="n4dOTghZGB3UfzNiENfLfe0b6aE="></latexit>

�2
W = p(1� p) ln2

b(1� r)

(1� b)r
=

✓
� ln

b(1� r)

(1� b)r

◆2



The efficient border for two horses problem

Growth in uncertain environments

In the         region,   becomes infinite near Kelly’s strategy

but non-zero near the null strategy where :
        
  
   and

d�W

dhW i =
�

p� b

<latexit sha1_base64="briBm60WkKmrlySmZr3w733cw9k="></latexit>

Non trade-off branch 

Kelly’s strategy

Trade-off branch

d�W

dhW i =
1

�c
=

�

|p� r|

<latexit sha1_base64="Z0Z9V/bFVkjplHTrj8kG27W9Qrg="></latexit>

d2�W

dhW i2 =
r(1� r)

�2�3
c

> 0
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hW i � 0
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Null strategy
For p<r :
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hW i

<latexit sha1_base64="9J834usCbyU0NAEliORTZR5UFqY="></latexit>�W

<latexit sha1_base64="d0ylsASLb2YGLx9THcw1qhMtE/w="></latexit>

hW i

<latexit sha1_base64="9J834usCbyU0NAEliORTZR5UFqY="></latexit>�W



Beyond 2 horses : numerical optimization
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Modified utility functions : 

• Lower front, region, the front is convex

objective function is 

• Lower front, region, the front is concave 

objective function is J2 = �(hW i �W0)
2 � k�W

<latexit sha1_base64="HwADf6j6KJndBcEjUBL40wqi2aA="></latexit>

J1 = ↵hW i � (1� ↵)�W
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hW i < 0
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In practice, the numerical optimization of the objective function can be carried out  

using algorithms based on simulated annealing or on Karush-Kuhn-Tücker (KKT) conditions. 



Mean-variance trade-offs
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• For fair odds,  assuming with q the pdf such that 

• For non-fair odds  with and 

General trade-off between growth rate and risk

Similar to a tradeoff between precision and dissipation

�W � hW i
�q

<latexit sha1_base64="C6V3WN7WqY1/qDV5/62lttLGIwk="></latexit>

qx := rx/px
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hW i � 0
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�W � |V � hW i|
�q

hqi
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rx 6= 1
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V = � log
X

x

rx

L. Dinis et al., EPL (2020)

A. Barato et al., (2015)
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Appendix G: Numerical optimization

To find the optimal bets b
ú for every objective function and parameter values, we use a simulated

annealing algorithm, useful for global optimization problems in large search spaces, specially to
avoid local maxima solutions. Starting from an initial guess b0, a neighboring valid bets vector is
randomly generated. It is accepted with probability 1 if it produces an increase in the value of the
objective function J , that is, an “uphill” move. If not, then it is only accepted with probability
proportional to an exponential factor exp(≠—J), where — plays the role of an inverse temperature.
The algorithm is then repeated, increasing the value of — in each iteration. In the beginning, with a
small value for — “uphill” moves are allowed, although with less probability than “downhill” moves,
which avoids getting trapped in a local maximum. After a number of iterations, a stable value for
the bets vector is obtained that gives an approximation to the optimal one.

As explained in the main text, there is a phase transition in this model where the optimal
strategy changes from the null strategy to a mixed strategy when “ approaches “c. Because of this
transition, the Pareto front near the null strategy has a triangular shape, with a slope determined
by this critical “c as shown in Fig. 5.

Figure 5: Zoom of the Pareto front shown in Fig 3 of the main text near the null strategy. The green
solid lines correspond to the linear approximation used near the null strategy and the black points
forming a dense region inside the front have been randomly chosen just as in Fig 3. The figure corre-
sponds to the case of three horses in the uncorrelated case with parameters p1 = 0.2, p2 = 0.4, r1 =
0.4, r2 = 0.2.

The last figure of the main text, namely Fig 4, represents the Pareto border for 3 horses in
the correlated case. We provide here some details on the parameters used to make this figure. Let
P (i, j) = P (i|j) represents the conditional probabilities of horse i winning provided horse j won in
the previous round. Then P is 3 by 3 matrix, which we choose to be

P =

Q

a
0.2 0.2 0.3
0.4 0.5 0.4
0.4 0.3 0.3

R

b .

The odds of the first two horses are o1 = 4 (r1 = 1/4), o2 = 4 (r2 = 1/4), while the parameters of
the last horse are deduced by normalization of the bets and of the probabilities.

Fair odds

Diagonal super-fair odds  Non-diagonal super-fair odds

Numerical illustration



Game theoretic formulation
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• Worst possible case for the gambler corresponds to minimization of

• The general growth rate is 

pessimistic surprise : things are not as bad as one would think

gambler’s regret : gambler plays sub-optimally

V value of the game : V<0 for unfair odds, V>0 for super-fair odds

<latexit sha1_base64="yUC/cqO2NvEfqp42l6JoO/Mm1jI="></latexit>

 (p) = hW (p,bKELLY)i � �
X

x

px

<latexit sha1_base64="R5rVurgqVqh8y5MVSCjo+MfZsv4="></latexit>

px = p⇤x =
rxP
x rx
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DKL(p||p⇤)
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�DKL(p||b)

R. Pugatch et al., (2014)
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Non-diagonal odds
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• Now, the growth rate is :

• When the odds matrix is invertible                       and simplex preserving (fully mixing game)

Optimal bets : with

Optimal environment  :

defines a Nash equilibrium

<latexit sha1_base64="LapqlS3lkuTFtt8YmFhQBuHazBU="></latexit>

hW (p,b)i =
X

x

px ln

 
X

y

oxyby

!
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l rly

<latexit sha1_base64="7Vt/sV1+CsskUw28ZaRNgAxY9hg="></latexit>

b⇤x =
X

y

⌦xypy
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(b⇤x, p
⇤
x)

S. Cavallero, (2023)
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2. Adaptive strategies in gambling
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• So far, we assumed the gambler knows the probabilities of winning horses, 

In practice the gambler does not know this, he/she must learn it !

A natural idea is to use past race results

This idea is implemented in card games strategies and in finance

• Here, we use Laplace’s rule of succession

for t uncorrelated races and M horses.  This follows from Bayesian inference with uniform prior

<latexit sha1_base64="vXWZg4ZddDcK+2AZywM9Xs0v3Ck="></latexit>

bt+1
x =

nt
x + 1

t+M
E. T. Jaynes, 2003
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The learning time and the gambler’s regret

<latexit sha1_base64="ZgmELgUUdSGETqAQnAKxg6yZ72A="></latexit>

�(t) =
tX

i=1

"
log pxi � log bxi(i)

#

Asymptotic regret  :  

Burn-in time (or learning time) :  
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h�i (t) = h�i (t0) +
M � 1

2
log

t

t0 + 1
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�(t)
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�(t) = log-capKelly(t)� log-cap(t)
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t? =
M � 1

2

1

DKL (pkr)



Modified Laplace’s rule
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Uniform prior

Non-uniform prior exploiting the 
information contained in the 
bookmaker’s odds distribution

• Initial capital loss is reduced but the asymptotic regret and the learning time 
are unchanged

• Non-uniform prior only useful if the odds distribution is closer to the horse 
distribution than the uniform distribution

A. Despons, L. Peliti, D. L., J. Stat. Mech., 093405 (2022)



Growth in uncertain environments

3. Trade-off for phenotypic switching of 
populations in varying environments



Trade-off in bet-hedging strategies of desert plants

Growth in uncertain environments

D. Venable (2007)

Eriophyllum lanosum, a species of 
wildflower in the southwestern US

Germination fraction vs. standard deviation
in reproductive success
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Ecological evidences 

LETTER Mean growth rate when rare is not a reliable metric for
persistence of species

Jayant Pande,1 Tak Fung,2
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Abstract
The coexistence of many species within ecological communities poses a long-standing theoretical
puzzle. Modern coexistence theory (MCT) and related techniques explore this phenomenon by
examining the chance of a species population growing from rarity in the presence of all other spe-
cies. The mean growth rate when rare, E½r", is used in MCT as a metric that measures persistence
properties (like invasibility or time to extinction) of a population. Here we critique this reliance
on E½r" and show that it fails to capture the effect of temporal random abundance variations on
persistence properties. The problem becomes particularly severe when an increase in the amplitude
of stochastic temporal environmental variations leads to an increase in E½r", since at the same time
it enhances random abundance fluctuations and the two effects are inherently intertwined. In this
case, the chance of invasion and the mean extinction time of a population may even go down as
E½r" increases.

Keywords
Coexistence, environmental stochasticity, invasibility, lottery model, mean growth rate, mean time
to extinction, modern coexistence theory, persistence.

Ecology Letters (2020) 23: 274–282

INTRODUCTION

Understanding the factors and processes that shape the diver-
sity of species in ecological communities is among the most
important questions in ecology. The prevalence of highly
diverse communities, in which many species interact with each
other and with abiotic factors, has long been a source of won-
der as it seems to violate the competitive exclusion principle
(Hutchinson, 1961; Tilman, 1982) and/or May’s negative rela-
tionship between complexity and diversity (May, 1972). Many
possible mechanisms that may explain the maintenance of spe-
cies diversity have been suggested (Chesson, 2000), but the
identification of those which actually influence a given system
is still a formidable task.
Modern coexistence theory (MCT) (Chesson, 1994, 2000,

2003; Barab!as et al., 2018; Chesson, 2018; Ellner et al., 2019)
is a widely used conceptual framework aimed at clarifying the
conditions for species coexistence. Instead of fully considering
the intricate network of dynamical interdependences between
all the species populations in a community, MCT simplifies
the coexistence problem tremendously by focussing on the
invasibility of a single species population, i.e. on the chance
of a single invading population (or a small group of invading
populations) to establish, given the dynamics of all the other
resident species and the external environment. Invasibility is
related to persistence time: if a population tends to recover
from low frequencies, then its time to extinction is taken to be
large (Chesson, 1982). Two populations coexist if each of
them invades the other, and analogously, the persistence of
high-diversity assemblages is examined by looking at the
chance of each of the species to invade the community (Ellner
et al., 2016). Importantly, MCT explicitly considers stochastic
temporal environmental fluctuations, which have been found
to be a key driver of community dynamics in natural

communities (Chisholm et al., 2014; Kalyuzhny et al., 2014,
2015; Fung et al., 2016).
In MCT, invasibility is measured by a single metric, E½r",

which is the mean growth rate of a population when rare –
i.e. when its relative abundance (frequency) is so low that it
does not affect the dynamics of all the other populations.
Given a time series of (low) frequencies fxt; xtþDt; xtþ2Dt:::g,
this mean growth rate is defined as (Chesson, 2003)

E½r" $ 1

Dt
E ln

xtþDt

xt

! "# $
: ð1Þ

Here we would like to critique the reliance of MCT (and
related theories) on the metric E½r" as a quantitative measure
for persistence. We shall argue that, while the sign of E½r" is
indeed an important characteristic of persistence, the magni-
tude of E½r" does not relate directly to persistence, particularly
in cases where the stabilising mechanism depends, fully or
partially, on stochastic (temporal) environmental fluctuations.
In these cases, once E½r"[ 0, a further increase in its value is
not necessarily related to an increase in mean time to extinc-
tion or invasibility, and in some instances these quantities can
even decrease when E½r" increases.
Accordingly, E½r" cannot be considered as a "general quanti-

tative criterion for the persistence of a species" (Chesson,
1994) and its value cannot be used to "decompose and com-
pare" (Ellner et al., 2019) the mechanisms that determine per-
sistence and their relative importance. In the presence of
stochastic environmental fluctuations, a contribution to E½r" is
not necessarily a contribution to persistence. Therefore, one
cannot quantify the contribution of a certain mechanism to
persistence by comparing the value of E½r" in the presence and
in the absence of this mechanism, which was the method used
in Ellner et al. (2016) and in Letten et al. (2018). Similarly,
E½r"-based metrics cannot be used for comparing the

© 2019 John Wiley & Sons Ltd/CNRS
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..The problem becomes particularly severe when an increase in the 
amplitude of stochastic temporal variations leads to an increase in 
         since at the same time it enhances random abundance 
fluctuations and the two effects are inherently intertwined… 
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Growth in uncertain environments

Gambling/finance Biology/ecology

Currency unit Individual

Race result/market state Environment

Bets/investment Phenotype switching 

Races Environmental events

Odds Reproduction rate

Capital growth rate Population growth rate

Probability of bankruptcy Extinction probability



Growth in uncertain environments

• Sub-populations of two phenotypes growing in two environments for 

• Gambling problem was scalar, this one is vectorial. Explicit results only in some limits

Ex: for the average growth rate in the adiabatic limit 

Optimal condition is the analog of Kelly’s strategy

• So far, we focused on long term growth rate (infinite horizon) but populations are finite and may go extinct in 
a finite time (finite horizon)

Instantaneous growth rate finite time growth rate 

and is the equivalent of the volatility
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Pareto-optimal tradeoff

Growth in uncertain environments

Exact growth rate Instantaneous growth rate

• Pareto diagram is controlled by two time scales

and

• There is a trade-off branch terminating at a point (similar to Kelly’s strategy)

with a vertical slope, both for exact and for approximate growth rates
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A link between fluctuations and population extinction

Growth in uncertain environments

Extinction threshold 

• Comparison between 

- optimal trajectories at Kelly’s point (green)

- suboptimal ones along the Pareto front

• If ln(N)< E at some time in the trajectory, the

population is considered extinct

In the region of fast growth, it is advantageous for a population to trade 
growth for less risky fluctuations

The probability of extinction along the Pareto front is non-monotonic
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Conclusion

Growth in uncertain environments

• Kelly’s gambling model helps understanding adaptation strategies of biological systems
in a varying environment (bet-hedging)

• There is a general trade-off between growth rate and risk

• On going : extend the notion of risk beyond fluctuations to describe extinction 

Search of experimental confirmation

Chapter ‘cells in the face of uncertainty’ with D. Tourigny and O. Rivoire


